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Abstract
We introduce a new parametrization of the MNS lepton mixing matrix which separates the
hierarchical Grand Unified relations among quarks and leptons. We argue that one large
angle stems from the charged leptons, the other from the seesaw structure of the neutral
lepton mass matrix. We show how two large mixing angles can arise naturally provided there
are special requirements on the Dirac (∆Iw = 1/2) and Majorana (∆Iw = 0) masses. One
possibility is a correlated hierarchy between them, the other is that the ∆Iw = 0 Majorana
mass has a specific texture; it is Dirac-like for two of the three families.
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1 Introduction
The most compelling scheme for physics beyond the Standard Model revolves around the idea of Grand Unifica-
tion between quarks and leptons. This pattern is evident in terms of the fermion quantum numbers, in view of
the unification of the weak and strong coupling constants at high energy, and more recently with the discovery
of light neutrino masses. The well-documented hierarchy of quarks and charged lepton masses seems to apply
as well in the neutrino sector, although not decisively since their masses are inferred solely from interference
effects, and there could be hyperfine splittings in their spectrum. Yet, recent experiments ([1] - [6]) on neutrino
mixings show qualitatively different behavior for quarks and leptons. Quark mixings seems to be approximately
the same for charge 2/3 and charge −1/3 quarks, resulting in a CKM matrix that is approximately the unit
matrix, save for Cabibbo angle effects. On the other hand, two of the three mixing angles in the MNS lepton
mixing matrix are “large”, and only one is small. This implies that the mechanisms that determine the lepton
mass eigenstates are different for charged and neutral leptons.
There are differences between the fermion masses even at the level of the Standard Model. The quark
and charged lepton masses are Dirac-like and break electroweak symmetry along ∆Iw = 1/2, but the neutrino
masses can be either Dirac-like with the same ∆Iw = 1/2 structure or Majorana with ∆Iw = 1; in the latter
case qualitative differences may be expected.
As Grand Unification relates the Dirac matrices of quarks and leptons, one may expect some if not all of the
quark hierarchy to be mirrored in the lepton sector [7]. However, SO(10) unification brings about the seesaw
mechanism for generating neutrino masses through a new fermion with a large ∆Iw = 0 Majorana mass [8].
In previous works [9, 10], based on SO(10) and on the Froggatt-Nielsen (FN) approach [11] to masses and
mixings, we anticipated, before the SuperKamiokande data, one large mixing angle between the second and
third family neutrinos in the MNS matrix, and two small mixing angles from the first to the second and third
family neutrinos. The recent data on solar neutrinos proved otherwise: the MNS matrix contains two large
mixing angles, and only one small one.
The purpose of this note is to investigate in simple terms the possible origin of this unexpected second large
angle, without having to ditch cherished notions from Grand Unification. In particular, we would like to analyze
how large mixing angles are related to a hierarchical structure in the mass matrix.
We expect a generic (i.e. without any hierarchical structure) 3×3 matrix to be diagonalized by rotations with
three angles which are not particularly small. One can also imagine quite easily a matrix that is diagonalized
by one large mixing and two small ones, by assuming inequalities between matrix elements of one row and one
column with the remaining ones. Similarly, if all the off-diagonal matrix elements are small enough, the mixing
matrix will nearly the the unit matrix and all three mixing angles come out small. However, the CHOOZ
constraint [4] indicates that only one mixing angle in the MNS matrix is small. This is not possible to arrange
in the hierarchical structure alone, and fine-tuning between various matrix elements is needed.
The MNS matrix is the overlap of two unitary matrices, one from the charged lepton sector, the other from
the neutral sector. The search for a generic mechanism suggests, in view of the previous remarks, that one large
mixing angle comes from the diagonalization of the charged lepton masses, the other from that of the neutral
lepton masses. We argue below that the large angle found in atmospheric neutrino oscillations comes from the
∆Iw = 1/2 charged lepton matrix, with a modicum of assumptions. The large angle recently determined in νe
oscillations then comes from the special form of the seesaw mechanism, either through a correlated hierarchy
of the Dirac and ∆Iw = 0 Majorana masses, or through a Dirac-like texture [12] for two of the three the right-
handed neutrino mass matrix. We conclude with some remarks on how these ideas can be incorporated into a
theory of the Froggatt-Nielsen type.
2 Neutrino Masses Just Beyond the Standard Model
We begin by reminding the reader how masses and mixings arise in the Standard Model, stressing their properties
in terms of electroweak quantum numbers. The usual ∆Iw = 1/2 electroweak breaking generates quarks and
charged leptons masses and mixing angles through Yukawa couplings. In the quark sectors, it gives rise to Dirac
masses through
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M(2/3) = U2/3
mu 0 00 mc 0
0 0 mt
 V†2/3 . (1)
M(−1/3) = U−1/3
md 0 00 ms 0
0 0 mb
 V†
−1/3 , (2)
where U and V are unitary matrices which diagonalize them. Not all these matrices are directly observable: of
these four, only the CKM quark mixing matrix
UCKM = U†2/3 U−1/3 , (3)
is observable, and the right-handed matrices V2/3, V−1/3 are not physical.
Similarly in the charged lepton sector,
M(−1) = U−1
me 0 00 mµ 0
0 0 mτ
 V†−1 . (4)
In the original version of the Standard Model, neither unitary matrix is observable, and all three neutrinos
are massless. All mass matrices in the quarks and charged lepton sectors arise from the same ∆ Iw = 1/2
electroweak breaking mechanism.
To go beyond the Standard Model, we add one right-handed neutrino for each family, and the same elec-
troweak breaking generates a Dirac mass for the neutrinos
M(0)Dirac = U0D0 V†0 = U0
m1 0 00 m2 0
0 0 m3
 V†0 , (5)
where mi are the neutrino Dirac masses, not to be confused with their physical masses (unless there is no
seesaw). This matrix respects total lepton number Le + Lµ + Lτ , but violates the relative lepton numbers
Le − Lµ and Lµ − Lτ .
To account for small neutrino masses, it is customary to assign large Majorana masses to these three right-
handed neutrinos. LetM(0)Majorana be the Majorana mass matrix with entries of order M , assumed to be much
larger than the electroweak breaking scale. This matrix can be markedly different from the others as it arises
not from electroweak breaking, but from some unknown ∆Iw = 0 sector. After seesaw (M ≫ m), the neutral
mass matrix is
M(0)Seesaw = M(0)Dirac
1
M(0)Majorana
M(0)TDirac , (6)
where T stands for the transpose. Inserting the diagonalization (5), we find
M(0)Seesaw = U0D0 V†0
1
M(0)Majorana
V∗0 D0 UT0 ,
= U0 C UT0 ,
where C is the central matrix
C ≡ D0 V†0
1
M(0)Majorana
V∗0 D0 , (7)
which is diagonalized by means of a unitary matrix F
C = F Dν FT , (8)
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where Dν is the diagonal matrix
Dν =
mν1 0 00 mν2 0
0 0 mν3
 , (9)
with the physical neutrino masses as entries. This enables us to write the observable MNS lepton mixing matrix
in the suggestive form
UMNS = U†−1 U0 F , (10)
where F diagonalizes the central matrix of the seesaw. It is similar in form to the CKM quark mixing matrix in
that it contains the overlap between two unitary matrices that diagonalize the ∆Iw = 1/2 mass matrices, but
it also contains a totally new matrix which comes from the right-handed ∆Iw = 0 neutrino masses.
This parametrization, which separates the effect of the ∆Iw = 1/2 Dirac masses from that of the ∆Iw = 0
Majorana masses, makes it particularly convenient to discuss the intuition coming from Grand Unified Theories.
With the simplest Higgs structures, these theories typically relate the ∆Iw = 1/2 mass matrices for quarks and
leptons
SU(5) : M(−1/3) ∼ M(−1)T . (11)
SO(10) : M(2/3) ∼ M(0)Dirac . (12)
These imply similar hierarchies between the CKM and MNS matrix, should F be equal to one, which happens
if the neutral mass matrix is purely Dirac-like (as in theories with bulk right-handed neutrinos). On the other
hand, if the seesaw is operative, the effects of the unitary matrix F must be included.
The ∆Iw = 1/2 mass matrices in the quark and charged lepton sectors show hierarchy, a feature consistent
with Grand Unified Theories. On the other hand, over the last five years, several experiments have shown that
the MNS matrix shares this hierarchy only partially, as it contains one small and two large mixing angles. We
would like to argue that in the context of GUTs, this may be an indication in favor of the seesaw, with one or
both large angles in the MNS matrix coming from F .
However, the central matrix C already contains some hierarchical information coming from D0, the eigen-
values of the hierarchical neutral Dirac mass. Indeed, using Grand Unification as a rough guide, we expect a
hierarchical structure
m1 ≪ m2 ≪ m3 , (13)
but if F is to contain large angles, some of the matrix elements of the central matrix must be of similar orders
of magnitude. This can happen through numerical accidents, or generically if M(0)Majorana contains a correlated
hierarchy of its own, designed to offset that of the Dirac masses. The purpose of this paper is to find how F
can contain large angles despite the expected hierarchy of the Dirac masses.
3 The Data
Let us see how these theoretical expectations compare with the data. The combined experimental results favor a
scheme with three active neutrinos. The mixing matrix UMNS has two large angles (θ and φ for atmospheric [1]
and solar [2, 3] neutrinos respectively) and one small one (from the CHOOZ [4] constraint). This enables us to
write
UMNS ≃
 cosφ sinφ ǫ− cos θ sinφ cos θ cosφ sin θ
sin θ sinφ − sin θ cosφ cos θ
 , (14)
where ǫ is a complex number, with the limits [13]
sin2 2θ ≥ 0.85 (99% C.L.) , 0.30 ≤ tan2 φ ≤ 0.65 (95% C.L.) , |ǫ |2 ≤ .005 (99.73% C.L.) . (15)
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The neutrino mass splittings are
∆m2⊙ = |m2ν1 −m2ν2 | ≃ 7× 10−5 eV2 , ∆m2⊕ = |m2ν2 −m2ν3 | ≃ 3× 10−3 eV2 ,
coming from the solar and atmospheric neutrino oscillations, respectively. Although neutrino oscillation exper-
iments do not fix the absolute mass scale of the neutrinos, we now have very stringent bounds from cosmology.
The large scale structure formation and the latest measurements of the cosmic microwave background by
WMAP [14] indicate that ∑
k
mνk ≤ 0.71 eV (95% C.L.) (16)
These are consistent with three possible neutrino mass patterns
ν1
ν2
ν3
Hierarchy
|mν1 | ≤ |mν2 | ≪ |mν3 |
ν3
ν2
ν1
Inverted
|mν1 | ≃ |mν2 | ≫ |mν3 |
ν1
ν2
ν3
Hyperfine
|mν1 | ≃ |mν2 | ≃ |mν3 |
We can use the data to reconstruct the neutrino matrix in all three cases, and look for patterns [15].
• In the hierarchy case, we neglect mν1 and mν2 , and the Yukawa matrix looks like 0 0 00 mν3 sin2 θ mν3 sin θ cos θ
0 mν3 sin θ cos θ mν3 cos
2 θ
 , (17)
which suggest as a starting point a matrix with entries in the 23 block only 0 0 00 × ×
0 × ×
 , (18)
where the crosses describe elements of order one. However, in order to obtain from this pattern the second
large angle, this matrix must contain two zero eigenvalues, that is the sub-determinant must vanish. This
type of matrix has been used as a starting point for the Froggatt-Nielsen approach, with corrections of
the order of the Cabibbo angle in previous works [10, 16], and it can lead to a second large mixing angle
only if the sub-determinant is very small [16, 17, 18]. If the sub-determinant is not small, non-degenerate
perturbation theory applies and the solar neutrino mixing angle comes out small [19].
• In the inverted hierarchy case, all entries of the matrix seem to be of the same order of magnitude, but
there is a special case of great interest. If we take mν1 ≈ −mν2 and maximal angles, the matrix looks like 0 × ×× 0 0
× 0 0
 , (19)
which can be used as a starting point for a Cabibbo expansion [20]. In this special case, the masses of the
first two neutrinos follow a nearly Dirac pattern, with a global Le − Lµ − Lτ symmetry [21].
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• Finally, in the hyperfine case where all three masses are nearly degenerate, there is no discernible pattern
in the Yukawa matrix.
We would like to see how to reproduce these patterns, starting from conservative theoretical notions, namely
Grand Unified symmetries.
4 A Useful Approximation
In the following we would like to argue that the large mixing angle found in atmospheric neutrino oscillations
stems from U−1, the unitary matrix in the charged lepton sector. To that effect, consider the limit in which
the Dirac masses have two zero eigenvalues in each charged sector, so that only the third family is massive. If
we extend the Wolfenstein parametrization of the CKM matrix to quark and charged lepton masses, expressing
the masses of the lighter families as powers of the Cabibbo angle, this limit can be thought of as that where the
Cabibbo angle is zero. In this limit, we set the two quark mass matrices as
M(2/3) =
 0 0 00 0 0
0 0 mt
 = U2/3
 0 0 00 0 0
0 0 mt
 V†2/3 .
M(−1/3) =
 0 0 00 0 0
0 a b
 = U−1/3
 0 0 00 0 0
0 0 mb
 V†
−1/3 .
It follows that
U2/3 = U−1/3 = 1 ,
which shows that the CKM matrix
UCKM = U†2/3 U−1/3 = 1 ,
which is a close approximation to data. It also suggests that the quark family mixings in the ∆Iw = 1/2 sector
are hypercharge independent.
Note that we have allowed for non-zero entries in the third row of the charge −1/3 mass matrix. This still
yields two zero eigenvalues and does not affect the left-handed rotations. In fact we have encountered such a
structure in our previous work [10, 16, 22] based on the Froggatt-Nielsen formalism, where the FN charges of
d2 and d3 are naturally the same, leading to the same degree of suppression.
This conclusion is not limited [23] to the F-N formalism, and it also appears in a completely different
approach, a model where the first two families share the same weak SU(2)1+2 but the third family has a
different weak SU(2)3. Upon diagonal breaking, these merge into the physical weak SU(2)1+2+3. This pattern
of symmetries naturally arises with three copies of the electroweak group [24], broken diagonally by a tri-chiral
order parameter. This order parameter merges the three SU(3)’s into one but breaks the three SU(2) into
these two. With only a Higgs doublet with respect to SU(2)3 at tree level, this singles out the third row of the
charge 2/3 and −1/3 matrices with order one entries. In this approximation, two whole families of quarks are
massless, and there is no inter-family mixing.
To find the lepton matrices, we rely on the simplest SU(5) pattern which gathers the left-handed anti-down
quarks with the charged leptons in its 5 representation. This suggests we assign the same FN charges to the
left-handed leptons and anti-down quarks, and leads us to assume that the charged lepton and charge −1/3
mass matrices are transpose of one another
M(−1) =
 0 0 00 0 a
0 0 b
 = U−1
 0 0 00 0 0
0 0 mτ
 V†−1 ,
leading to
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U−1 =
 1 0 00 cos θ sin θ
0 − sin θ cos θ
 , tan θ = a
b
.
We claim this is the origin of the large mixing angle which describes the oscillations of atmospheric neutrinos.
At the next level of Grand Unification, SO(10), the charge 2/3 and the neutral Dirac mass matrices are
supposed to be related, and if one shows hierarchy, so does the other. Hence in this approximation, we set the
neutral Dirac mass matrix
M(0)Dirac =
 0 0 00 0 0
0 0 m
 = U0
 0 0 00 0 0
0 0 m3
 V†0 . (20)
It follows that U0 is the unit matrix and the MNS matrix becomes
UMNS = U†−1 U0 F =
 1 0 00 cos θ sin θ
0 − sin θ cos θ
 F . (21)
The unitary matrices U−1 and U0 stem from the same ∆ Iw = 1/2 electroweak breaking, but F can be markedly
different as it arises but from the unknown ∆Iw = 0 sector.
Assume that in this limit the Majorana matrix has no zero eigenvalue. Since the neutral Dirac mass matrix
is of the form (20), the seesaw neutrino mass matrix is just
M(0)Seesaw =
m2
M
 0 0 00 0 0
0 0 1
 ,
so that F = 1 and the MNS matrix is simply
UMNS =
 1 0 00 cos θ sin θ
0 − sin θ cos θ
 . (22)
If the Majorana matrix has zero eigenvalues, the seesaw may not apply, depending on the relative alignment
of the zeros in the Dirac and Majorana matrices, so one can have both Dirac and Majorana matrices for the
neutrinos.
With two massless neutrinos, the family mixing described by θ does not specify which of the massless
neutrinos the third one mixes into, and F cannot change the structure of the MNS matrix. It is only by
breaking the degeneracy that one can identify the flavor into which the third neutrino mixes. With this caveat
in mind, the MNS matrix remains the same as above. We therefore think it natural to expect one large lepton
mixing angle in the limit with two massless families, even though there is no quark mixing (UCKM = 1).
To lift the degeneracy, degenerate perturbation theory must be used, so that the form of the perturbation
determines the mixing angle between the two hitherto massless families. In the quark sector, that mixing is
Cabibbo suppressed, and in the lepton sector it is of order one. As our analysis shows, this difference is naturally
accommodated if there is a seesaw mechanism: the large mixing must be due to the F matrix. Given the form
of U−1, there are two possibilities for F
F =
 cosφ sinφ 0− sinφ cosφ 0
0 0 1
 , F =
 cosφ sinφ 00 0 1
− sinφ cosφ 0
 , (23)
obtained by permuting the second and third entries. The second case is the same as the first provided that one
reflects θ about π/4. Either way, the mixing between the third family and the others is naturally small since
non-degenerate perturbation theory applies: the smallness of the 13 element is the only remnant of the quark
and charged lepton hierarchy in the MNS matrix!
We conclude that the second large mixing angle between the first two family neutrinos must arise when the
Cabibbo perturbation is turned on. It is the purpose of the next section to see how this can come about.
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5 Correlated Hierarchy
In this section, we examine in some detail how the seesaw’s central matrix can have elements of the same order
of magnitude, thereby cancelling the Dirac hierarchy in the numerator with that in the Majorana denominator.
At first sight, it implies relations between two hitherto unrelated sectors of the Dirac (∆Iw = 1/2) and Majorana
(∆Iw = 0) masses, and speaks further for Grand Unification: it suggests that the mechanism which creates
hierarchies acts in some sense on the whole Grand-Unified structure. We present a detailed analysis only for
the (2× 2) case, and simply state the results for the realistic (3× 3) case.
5.1 The (2× 2) Case
Since the data can be fitted with only one large mixing angle in F , this case is quite instructive on its own. To
see how a correlated hierarchy can arise generically when the neutral Dirac matrix is hierarchical, we expand
D0 in the Cabibbo angle a` la Wolfenstein,
D0 = m
(
a λα 0
0 1
)
, (24)
with a of order one and α > 0, and set
V†0
1
M(0)Majorana
V∗0 =
(
c s
−s c
) ( 1
M1
0
0 1M2
) (
c −s
s c
)
, (25)
where c = cos ζ, s = sin ζ. The central matrix is then
C =
(
( c
2
M1
+ s
2
M2
) a2 λ2α ( c sM1 − c sM2 ) a λα
( c sM1 − c sM2 ) a λα ( s
2
M1
+ c
2
M2
)
)
. (26)
For F to contain generically a large angle, the diagonal entries in C must be at most of the same order of
magnitude as the off-diagonal element. For C given by Eq. (26), two different cases lead to a large angle.
5.1.1 Case A
In the first situation, assume all the entries in C are of the same order of magnitude
C11 ∼ C22 ∼ C12 . (27)
For this to happen, ζ must be small, such that
s = b λα + · · · , c = 1− · · · , (28)
and the Majorana masses must show hierarchy,
M1
M2
∼ λ2β , (29)
which must be less than or equal to λ2α, in order to get C22 to be of the same order as the other elements. If
β > α, the matrix C reduces to
λ2α
m2
M1
(
a2 a b
a b b2
)
,
which produces unsuppressed mixing between the first two species. If the Majorana hierarchy is extreme (β ≫ α),
there is one zero eigenvalue to lowest order and a de facto mass hierarchy, but with a large mixing angle. If the
Majorana mass hierarchy is less pronounced ( α ≃ β), the determinant no longer vanishes at lowest order, and
the masses of the two lightest neutrinos are of the same order
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mν1 ∼ mν2 ∼
m2
M1
λ2β . (30)
We see that it is possible to obtain large mixing as long as the right-handed masses are also hierarchical [25].
Moreover the Majorana hierarchy must be twice as severe as the Dirac hierarchy. The result is
F =
(
cosφ sinφ
− sinφ cosφ
)
, tanφ =
a
b
, (31)
to lowest order in λ. Because the (3 × 3) case can always be reduced to the (2× 2) case by setting to zero the
mixing angles with the third family, we see that it is natural in this approach to expect the MNS matrix to
contain two large angles, θ and φ, while the Ue3 entry is naturally Cabibbo suppressed.
5.1.2 Case B
The second situation which generically gives rise to a large angle is when the diagonal entries in C are small
compared to the off-diagonal ones
C11 , C22 ≺ C12 . (32)
This implies a correlation between the angle ζ and the Majorana hierarchy
tan2 ζ = − M1
M2
(
1 +O(λβ)) (33)
with β > 0 and
λα ≺ s  λα−β (34)
When the inequality is strict, the matrix C reduces to
λα m2√−M1M2
(
0 a
a 0
)
,
which produces maximal mixing between two light neutrinos with the same absolute mass. In particular, if
the right-handed neutrinos are given a large Dirac mass, it corresponds to M1 = −M2 and ζ ≃ π/4, therefore
naturally ensuring a large mixing angle among the light neutrinos.
When s ∼ λα−β , the diagonal elements of the central matrix cannot be neglected, and the mixing angle is
somewhat less than maximal 4.
Unlike case A, the angle ζ in case B can be larger than λα, as long as it is related to the Majorana hierarchy
through Eq. (33). Hence we again have one large mixing angle, but it may be naturally close to maximal
F =
(
cosφ sinφ
− sinφ cosφ
)
, tanφ ≃ π
4
, (35)
just by having, to lowest order in λ, the first two right-handed neutrinos as Dirac partners!
5.2 The (3× 3) Case
In the realistic (3 × 3) case, the analysis of the central matrix is more involved. As we have stated in the
introduction, it is not generic to expect a (3× 3) matrix to be diagonalized by one small and two large angles.
This does not mean it is impossible, rather it implies subtle relations among its matrix elements. It is much
easier to expect three, one, or no large mixing angles. Below, we present the results of systematic estimates of
the orders of magnitude of the central matrix elements and possible cancellations along the lines of the previous
section.
4It is amusing to note that if one diagonal element gets filled as much as the off-diagonal element, the mixing angle is determined
by the celebrated golden mean which corresponds to a mixing angle of 31o close to the experimental best-fit value, as pleasing to
the eye as it may be to Nature?
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To set our notation, the hierarchical Dirac matrix eigenvalues are
D0 ∼ m
λα1+α2 0 00 λα1 0
0 0 1
 , (36)
ignoring prefactors. We write the unitary matrix in the central matrix as the product of three rotations
V0 = R12R13R23 ,
neglecting possible phases, and where Rij denotes the rotation in the i − j plane with small angle θij , so that
sin θij ≡ sij ≃ θij and cos θij ≃ 1; and take M(0)Majorana to be diagonal with masses Mi. To facilitate the
analysis, we further assume that
s13 ∼ s12 s23 (37)
are of the same order of magnitude in λ, as for the CKM matrix. This relation is natural when the right-handed
neutrino Majorana hierarchy is not inverted, i.e.
M1 ≤M2 ≤M3 (38)
5.2.1 Case A
This first case corresponds to a correlated hierarchy between the Dirac and the Majorana sector, which will lead
to a neutrino mass pattern with a normal hierarchy and one large mixing angle in F . The analysis of the orders
of magnitudes of the resulting matrix elements is tedious although remarkably straightforward. To maintain
the goodwill of the reader, we only present the results:
• If the large angle is in the 1− 2 block of F , the structure of the central matrix obeys
C11 ∼ C12 ∼ C22 ≺ C33 (39)
C213 , C223  C11 · C33 (40)
We obtain three solutions which all satisfy
M1
M2
 λ2α2 and s12 ∼ λα2 (41)
– First Solution. The central matrix is dominated by the lightest right-handed neutrino mass M1
M1
M3
 s223 λ2α2 and s23 ≻ λα1 . (42)
This leads to a large mixing angle φ12 in the 1-2 block and small mixing angles with the third family
φ13 ∼ φ23 ∼ λ
α1
s23
≺ 1 (43)
The physical neutrino masses are hierarchical, with
mν1 ∼ mν2 ∼
λ2α1
s223
mν3 ∼
m2
M1
λ2α1+2α2 (44)
– Second Solution. We have the possibility of an inverted hierarchy between M2 and M3
λ2α2  M1
M3
 λ
2α2
s223
(45)
This leads to
φ13 ≺ φ23 ∼ s23 λα1 (46)
For the physical neutrino masses, mν1 and mν2 are still given by Eq. (44) but
mν3 ∼
m2
M3
(47)
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– Third Solution. The physical neutrino masses are the same as for the second solution, but the mixing
angles are different
max{λ2α1+2α2 , s223 λ2(α2−α1)} 
M1
M3
 λ2α2 (48)
This gives
φ23 ∼ φ13 λα1 ∼ s23 λα1+2α2 M3
M1
(49)
• If the large angle is in the 1− 3 block of F , the structure of the central matrix obeys
C11 ∼ C13 ∼ C33 ≺ C22 (50)
C212 , C223  C11 · C22 (51)
We again get three different possibilities. To obtain the desired MNS matrix, the heaviest neutrino must
be labeled ν3, while the two lighter neutrinos ν1 and ν2 mix with the large angle φ12 which gives rise to
the observed solar neutrino deficit. Following this labeling convention, we get
– First Solution.
M2
M1
 s212 ,
M2
M3
 s223 , s23 ∼ s12 λα1+α2 (52)
This gives
φ13 ∼ φ23 ∼ s12 λα2 (53)
and
mν1 ∼ mν2 ∼
m2
M2
s212 λ
2α1+2α2 , mν3 ∼
m2
M2
λ2α1 (54)
– Second Solution.
M1
M2
 s212 , λ2α1+2α2 
M1
M3
 min{1 , s
2
12
s223
} , s12 s23 ∼ λα1+α2 (55)
This gives
φ13 ∼ φ23 ∼ s23 λα1 (56)
and
mν1 ∼ mν2 ∼
m2
M1
λ2α1+2α2 , mν3 ∼
m2
M1
s212 (57)
– Third Solution.
M1
M3
 λ2α1+2α2 , M2
M3
 s223 (58)
and
s12 s23 ∼ λα1+α2 , s12 ≻ λα2 (59)
The mixing angles are now given by
φ13 ∼ φ23 ∼ λ
α2
s12
≺ 1 (60)
• F has one large rotation in the 2 − 3 block. Since this possibility cannot lead to the right MNS matrix,
we will skip it.
We notice that it is possible to obtain one, three, or no large angles in F . To obtain only two large angles,
there must be further fine-tuning conditions among the prefactors, or partial cancellations in some matrix
elements of the central matrix C. Without such partial cancellations, a generic solution cannot be obtained.
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5.2.2 Case B
We now turn to the possibility of partial cancellations in some matrix elements of C, leading to a pseudo-Dirac
spectrum for the neutrinos which mix strongly (ν1 and ν2) and an inverted hierarchy
mν1 ≃ −mν2 ≫ |mν3 | (61)
We notice that such spectrum cannot be obtained without partial cancellation.
• For C to have a pseudo-Dirac mass in the 1−2 block, the only condition is that the element C12 dominates
over all the other elements. There is only one solution, which extends the (2 × 2) result. We have the
partial cancellation
tan2 θ12 = − M1
M2
(
1 +O(λβ)) (62)
together with
M1
M3
≺ s12 λ2α1+α2 , λα2 ≺ s12 ≺ λα2−β , s23 ≺ λα1 , s13 ≺ λα1+α2 (63)
This gives
φ13 ∼ s23
λα1
≺ 1 , φ23 ∼ s13
λα1+α2
≺ 1 (64)
and a pseudo-Dirac pair of absolute mass
mν1 ≃ −mν2 ∼
m2√−M1M2
λ2α1+α2 (65)
The angle θ12 can be large while keeping s23 and s13 small as long as the partial cancellation condition
Eq. 62 remains satisfied.
• It is not possible to get a simple partial cancellation condition that can give rise to a pseudo-Dirac mass
in the 1−3 block, if we keep the relation (37). This is expected since such pattern of the Majorana masses
has an inverted hierarchy more consistent with the relations
s23 ∼ s12 s13 or s12 ∼ s23 s13 (66)
With either of these relations, we can indeed obtain a solution with the partial cancellation condition
tan2 θ13 = − M1
M3
(
1 +O(λβ)) (67)
For example, with the second relation in Eq. (66), we get
M1
M2
≺ s13
s223
λα1+α2 , s13 λ
α2−α1 , λα1+α2 ≺ s13 ≺ λα1+α2−β , s23 s13 ≺ λα2 (68)
This gives
φ13 ∼ s23
λα1
max{1 , M1
M2
} ≺ 1 , φ23 ∼ max{s23 s13
λα2
,
s23
s13 λα2
M1
M2
} ≺ 1 (69)
and a pseudo-Dirac pair of absolute mass
mν1 ≃ −mν2 ∼
m2√−M1M3
λα1+α2 (70)
Finally, let us notice that the structure Eq. (19) which naturally leads to a bi-maximal mixing and an
inverted hierarchy of the light neutrinos, cannot be reproduced in the central matrix if the relation (37) holds.
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6 Theoretical Outlook
Having identified the conditions for two large mixing angles in the MNS matrix, it remains to be seen if they
can be easily realized in credible theoretical schemes.
Froggatt and Nielsen (FN) proposed long ago to parametrize the hierarchy in terms of effective operators
coming from unknown interactions at higher energies, and that their degree of suppression is determined by
extra charges; the higher the charge, the more suppressed the operator.
This approach which explains hierarchies by adding U(1) symmetries to the Standard Model has received
much attention and shown some success especially when paired with anomalous Green-Schwarz U(1) symme-
tries [26, 27, 28, 10, 16, 22].
This is particularly suited to the Wolfenstein expansion as powers of the Cabibbo angle, as it relates the
power of λ to the FN charges of the basic quark and lepton fields. In the simplest form of the theory, these
exponents can almost be read-off from the quark mass and mixing matrices. As an example, after breaking the
FN symmetry, the neutral lepton Dirac mass operator looks like
LTi M(0)ij N j , (71)
with the hierarchy determined by the charges of the lepton doublets Li and the right-handed neutral leptons
N i. The matrix can be expunged from hierarchy by means of diagonal matrices
M(0) = ΛL M̂(0) ΛN , (72)
where
Λ = Diag (λQ1−Q3 , λQ2−Q3 , 1 ) , (73)
are the diagonal matrices and Qi are the FN charges of the relevant fields, and the hatted matrix contains only
elements of order one.
If the hierarchy is explained solely in terms of one FN field, one obtains a simple prediction for the seesaw
masses, namely that the hierarchy matrix ΛN coming from the right-handed neutrinos cancels out and that
we are left with only the hierarchy coming from the lepton doublets. This conclusion does not hold in more
complicated FN schemes with fields of opposite FN charges, but we are assuming the simplest possibility here.
In this case, the F matrix contains no elements suppressed by powers of the Cabibbo angle, and all its
elements are of order one, the MNS matrix contains three large angles, and not two as indicated by the data.
Hence the simplest FN scheme has trouble explaining any correlated hierarchy, and typically does not produce
a MNS matrix with two large mixing angles. To produce a correlated hierarchy in the FN approach, there must
be several FN fields of charges of different signs.
This seems to favor a textured Majorana matrix, with carefully chosen zeros, either through a particular
texture or through supersymmetric zeroes. This leads to a simple proposal: use the same FN schemes proposed
in our previous models for the ∆Iw = 1/2 masses, but require that the ∆Iw = 0 mass be textured with a Dirac
mass for the right-handed neutrinos of the first two families, and a Majorana mass for the third, to zeroth order
in the Cabibbo angle  0 M1 0M1 0 0
0 0 M3
 + · · · . (74)
Then as we have shown in section 5, this generates a nearly maximal angle between the first two neutrinos.
The required texture for the ∆Iw = 0 Majorana mass must be correlated with that of the ∆Iw = 1/2 Dirac
mass in such a way that the large angles coming from both sectors do not rotate the same block; this would
produce only one large angle. In particular, if the charged lepton sector produces a large angle along 2− 3, the
large angle in the central matrix must be either along 1 − 2 or 1 − 3, but not 2 − 3. As argued throughout
the paper, the presence of one small mixing angle in the MNS matrix can be thought as the last remnant of
a hierarchical structure in the lepton sector. Since hierarchical patterns are generic in the context of Grand
Unified Theories and quark-lepton unification, our analysis shows that it is much more natural to attribute
the two observed large mixing angles in the MNS matrix to different sectors [29]. We conclude that the large
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atmospheric angle must stem from the charged lepton sector, while the large solar angle must reflect some
peculiar behavior of the right-handed neutrino Majorana sector and the seesaw mechanism.
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